Bounding surface actions on hyperbolic spaces by Barnard, Josh
ar
X
iv
:0
70
9.
27
22
v4
  [
ma
th.
GR
]  
8 J
ul 
20
12
BOUNDING SURFACE ACTIONS ON HYPERBOLIC SPACES
JOSH BARNARD
Abstract. Given an isometric action of the fundamental group of a closed orientable sur-
face on a δ-hyperbolic space, we find a standard generating set whose translation distances
are bounded above in terms of the hyperbolicity constant δ, the genus of the surface, and
the injectivity radius of the action, which we assume to be strictly positive.
1. Introduction
We prove the following (see Section 2 for definitions):
Theorem. Suppose S is a closed orientable surface of genus g ≥ 2 and that π1(S) acts
isometrically on an ultracomplete geodesic space X with δ-thin triangles, where the injectivity
radius of the action is bounded below by ǫ > 0. There is a constant D, depending only on δ,
g, and ǫ, so that for some standard generating set {α1, . . . , α2g} for π1(S) and some point
x ∈ X, we have for i = 1, . . . , 2g that the distance from x to αi(x) is at most D.
We originally proved a weaker version of this theorem in the appendix to [1]. The theorem
above is used by Bowditch in [4, Theorem 3.3], where he shows that there are only finitely
many atoroidal surface-by-surface bundles with base and fiber of bounded genus. For such
a bundle the fundamental group of the base admits an action on the curve complex of the
fiber satisfying the hypotheses of Theorem 1.
In case X = Hn, a stronger result can be obtained, where one is allowed to take x to be
any point lying on any loxodromic axis in Hn. Bonahon [2, Lemma 1.10] gives an elegantly
simple proof of this fact, combining upper bounds on the area of hyperbolic triangles with
lower bounds on the injectivity radius of the action to produce the desired upper bounds. In
particular, this argument fails for δ-hyperbolic spaces because of the lack of area bounds for
geodesic triangles.
A corollary of this theorem is the fact, originally claimed by Gromov [6] and proven by
Sela [8], that in any hyperbolic group there are only finitely many conjugacy classes of
subgroup isomorphic to a given surface group.
More general versions of Theorem 1 have recently appeared. In [3] Bowditch shows how
to adapt the proof here to apply also to surfaces with boundary, as well as to nonorientable
surfaces. Related results using different methods have also been found by Dahmani and
Fujiwara [5], where π1(S) is replaced by any one-ended subgroup of the mapping class group
of S and X is the curve complex of S.
2. Preliminaries
A δ-hyperbolic metric space (X, dX) is said to be ultracomplete if there is a geodesic joining
any pair of distinct points in either X or its boundary at infinity. If X is proper, then it
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is ultracomplete. The converse does not hold, as exhibited by curve complexes, for example
(see [7, Lemma 5.14]).
Suppose S is a closed orientable surface of genus g ≥ 2, and that π1(S) acts on X by
isometries. The injectivity radius of the action is defined to be
inj(X, π1(S)) = inf
16=h∈π1(S)
(
lim
n→∞
dX(x, h
nx)
n
)
.
This quantity does not depend on the choice of x ∈ X .
Let p : S˜→S denote the universal cover of S, and for any subset Z ⊆ S set Z˜ = p−1(Z).
A carrier graph for the action of π1(S) on X is a pair (Γ, γ) where:
(i) Γ is a graph embedded on S, the inclusion of which into S induces a surjection
π1(Γ)→ π1(S);
(ii) γ : Γ˜→X is a π1(S)-equivariant map sending edges of Γ˜ to rectifiable paths.
From the path-metric dpath induced by dX on γ(Γ˜) we obtain a pseudo-metric dγ on Γ by
declaring for all a, b ∈ Γ that
dγ(a, b) = inf{dpath(A,B) | A ∈ γ(a˜), B ∈ γ(˜b)}.
Each (open) edge e ⊂ Γ inherits a length ℓγ(e) from this metric in the usual way, which we
term the γ-length of e, and we set
ℓγ(Γ) =
∑
e⊂Γ
ℓγ(e).
Let C denote the collection of all carrier graphs for the action of π1(S) on X . We say that
a carrier graph (Γ, γ) is 1–minimal if
ℓγ(Γ) < inf
(Γ′,γ′)∈C
{ℓγ′(Γ
′)}+ 1.
3. Main Proposition
The heavy lifting behind the proof of Theorem 1 is the following, to whose proof the rest
of this section is devoted.
Proposition 1. Given S and X as in Theorem 1, suppose (Γ, γ) is a 1–minimal carrier
graph for the action of π1(S) on X. Then each edge of Γ has γ-length bounded above in
terms of the injectivity radius lower bound ǫ, the hyperbolicity constant δ, and the number of
edges in Γ.
To prove this proposition, we suppose first that (Γ, γ) is 1–minimal and has the additional
property that γ sends each edge of Γ˜ to a geodesic arc in X . If we prove the proposition
for such carrier graphs, finding that the upper bound is L, say, then the result holds for 1–
minimal carrier graphs in general with upper bound L+ 1. We may thus assume henceforth
for each edge e of Γ˜ that γ(e) is a geodesic arc in X .
Fix an edge e of Γ˜ and let n denote the number of edges of Γ. Because Γ is embedded
π1-surjectively, the components of S \ Γ are simply-connected. Thus we may find a null-
homotopic cycle in Γ, innermost on S and containing p(e). Because S is a surface, such a
cycle traverses a given edge of Γ no more than twice, and so has combinatorial length no
more than 2n. Let ∆ denote a lift of this cycle to Γ˜ containing e.
The key to this proposition is the following lemma.
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Lemma 2. If ℓX(γ(e)) is strictly greater than 2(2n − 2)δ + 2, then for any point s on
e sufficiently far from its endpoints, there is a homotopically essential loop σ on S with
σ∩Γ = p(s) and having the property that γ may be π1(S)-equivariantly extended to σ˜ so that
ℓγ(σ) ≤ 2(2n− 2)δ + 2.
Proof. Denote the endpoints of e as r and u. For any two points a, b ∈ e, we let [a, b] denote
the subsegment of e bounded by a and b. In particular we will allow [r, u] to denote e itself.
Let s be any point on e with the property that ℓX(γ([r, s])) and ℓX(γ([s, u])) are both
strictly greater than (2n − 2)δ + 1. Because γ(∆) is a geodesic polygon with no more than
2n sides, there is a point s′ on some other edge e′ of ∆ so that dX(γ(s), γ(s
′)) ≤ (2n− 2)δ.
We show first that p(e) = p(e′), so that s and s′ project to S so as to lie on the same edge
of Γ.
Suppose for contradiction then that p(e) 6= p(e′), and let α be a path in S˜ joining s to s′
and otherwise disjoint from Γ˜. We may extend γ to α such that ℓX(γ(α)) ≤ (2n− 2)δ.
We claim that one of the components of p(e \ s) may be removed from Γ ∪ p(α) so that
the remaining graph is still π1-surjectively embedded on S. To see this, let e1 and e2 denote
the components of e \ s, and suppose (Γ \ p(ei)) ∪ p(α) does not carry all of π1(S) for some
i. Then there is some essential curve on S intersecting Γ only on p(ei). Thus e has some
translate f in ∆, and ei may be joined to f by a path in S˜ otherwise disjoint from Γ˜ and
α. The assumption that p(e) 6= p(e′) implies that e′ 6= f . Thus it is impossible to join both
e1 and e2 to f by such paths, because one of the ei must be separated in ∆ from f by the
endpoints of α.
If we set Γ′ = (Γ \ p(ei)) ∪ p(α), choosing i so that Γ
′ carries all of π1(S), we can then
equivariantly extend γ to the orbit of α, sending α to a geodesic. Letting γ′ denote the
restriction of this extension to Γ˜′, this makes (Γ′, γ′) a carrier graph for the action of π1(S)
on X . Because the portion of p(e) removed in forming Γ′ is strictly longer than (2n−2)δ+1,
we have that
ℓγ′(Γ
′) = ℓγ(Γ) + ℓγ′(p(α))− ℓγ′(p(ei))
< ℓγ(Γ) + (2n− 2)δ −
(
(2n− 2)δ + 1
)
= ℓγ(Γ)− 1,
contradicting the 1–minimality of (Γ, γ).
Thus p(s) and p(s′) both lie on p(e) in Γ, and p(α) joins p(e) to itself in the complement
of Γ. Now suppose for contradiction that ℓγ([p(s), p(s
′)]) > (2n− 2)δ+1. If we let Γ′ denote
Figure 1. The thin arc is a portion of Γ, while the bold loops are p(α)∪[p(s), p(s′)]
on the left and σ on the right.
the graph obtained from Γ by deleting [p(s), p(s′)] and inserting p(α), then extending γ to
the orbit of α by sending α to a geodesic produces a carrier graph (Γ′, γ′) with the property
that
ℓγ′(Γ
′) ≤ ℓγ(Γ) + ℓγ(p(α))− ℓγ([p(s), p(s
′)]) < ℓγ(Γ)− 1.
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This again contradicts the 1–minimality of (Γ, γ). Thus ℓγ([p(s), p(s
′)]) ≤ (2n− 2)δ + 1.
We complete the proof of the lemma by defining σ to be the concatenation of p(α) with
the segment [p(s), p(s′)], pushed off (p(s), p(s′)] by an arbitrarily small homotopy (which
increases length by less than one). Then σ is homotopically nontrivial on S because it does
not lift to a loop in S˜, and ℓγ(σ) ≤ 2(2n− 2)δ + 2. 
With this lemma in hand, we now address the claim of the proposition, supposing for
contradiction that the edge e has the property that
ℓγ(p(e)) >
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉+ 9/2
)
+ 9δ + 1.
Then we may choose points s, t ∈ e ordered as {r, s, t, u} on e so that
ℓγ(p([r, s])) > (2n− 2)δ + 1,
ℓγ(p([s, t])) >
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉+ 7/2
)
+ 9δ + 1, and
ℓγ(p([t, u])) > (2n− 2)δ + 1.
We use the lemma above to find two essential loops σ and τ on S intersecting Γ only in p(s)
and p(t), respectively, each with γ-length bounded above by 2(2n− 2)δ+2. These loops are
homotopic on S by construction (they have lifts to S˜ joining the same two edges of ∆). Each
is embedded on S, and they are disjoint, because they each have γ-length bounded above
by 2(2n − 2)δ + 2, yet pass through points p(s) and p(t) greater than twice that distance
apart. It follows that σ and τ cobound an annulus A on S. This annulus intersects Γ in
Figure 2. The figure on the left shows a portion of Γ on S along with the loops
σ and τ in bold. The arc of Γ joining them is c. The figure on the right shows the
corresponding portion of Γ′, obtained by eliminating c, inserting σ and τ (homotoped
here for simplicity), and inserting the arc c′ cutting across the annulus A.
the arc c = p([s, t]) ⊂ p(e). Let σˆ and τˆ be the components of σ˜ and τ˜ containing s and
t, respectively. We appeal to the following lemma, whose proof we delay, as is it a general
result about hyperbolic spaces.
Lemma 3. Suppose h is a hyperbolic isometry of the ultracomplete δ-hyperbolic space X
with stable translation distance bounded below by ǫ > 0, and suppose for some K ∈ R that
dX(x, hx) ≤ K and dX(y, hy) ≤ K for some points x, y ∈ X. Then there is some k ∈ Z so
that dX(x, h
ky) ≤ K
(
3⌈10δ/ǫ⌉+ 7/2
)
+ 9δ.
To apply this lemma we take x = γ(s) and y = γ(t), and we set K = 2(2n− 2)δ+2, with
h denoting the isometry of X represented by σ and τ . The lemma now implies that there is
some tˆ ∈ p˜(t) ∩ τˆ with
dX(γ(s), γ(tˆ)) ≤
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉ + 7/2
)
+ 9δ.
Therefore there is some arc c′ in A joining p(s) and p(t) = p(tˆ) such that if Γ′ = (Γ \ c) ∪ c′,
then γ|Γ\c extends to a carrier graph γ
′ : Γ˜′ → X with γ′(c˜′) equal to the π1(S)-orbit of a
geodesic in X joining γ(s) and γ(tˆ).
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Observe now that
ℓγ′(Γ
′) = ℓγ(Γ)− ℓγ(c) + ℓγ′(c
′)
< ℓγ(Γ)−
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉+ 7/2
)
− 9δ − 1
+
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉+ 7/2
)
+ 9δ
= ℓγ(Γ)− 1.
This contradicts the assumed 1–minimality of (Γ, γ). It follows that
ℓγ(e) ≤
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉+ 9/2
)
+ 9δ + 1,
completing the proof of the Proposition.
4. Proof of Lemma 2
We have a hyperbolic isometry h of the ultracomplete δ-hyperbolic space X with stable
translation distance bounded below by ǫ > 0. We also have points x and y in X such that
dX(x, hx) ≤ K and dX(y, hy) ≤ K for some K ∈ R. We claim there is some k ∈ Z so that
dX(x, h
ky) ≤ K
(
3⌈10δ/ǫ⌉+ 7/2
)
+ 9δ.
Because X is ultracomplete, there is a biinfinite geodesic Ah inX that is coarsely preserved
by h, in the sense that the Hausdorff distance between Ah and hAh is bounded, so all the
translates hmAh lie inside the δ-neighborhood of Ah. Choose a ∈ Ah so that dX(x, a) =
dX(x,Ah). Because the stable translation distance is bounded below by ǫ, if we let m =
⌈10δ
ǫ
⌉+1, then a geodesic segment [a, hma] joining the two indicated points contains a point
b with dX(b, a) > 5δ and dX(b, h
ma) > 5δ.
Claim 1: dX(b, Ah) ≤ δ.
Proof of Claim 1: There are two geodesic triangles sharing the segment [a, hma], each of
whose other two sides are portions of Ah and h
mAh sharing an ideal vertex. In each of these
triangles there is some point not on [a, hma] lying within a distance δ of b. Call these points
b′ and b′′, and suppose for contradiction that both lie on hmAh. Then b
′ and b′′ must be
separated by hma on hmAh (see Figure 3). Thus we have
2δ ≥ dX(b
′, b) + dX(b, b
′′) ≥ dX(b
′, b′′)
= dX(b
′, hma) + dX(h
ma, b′′)
≥ dX(h
ma, b)− dX(b, b
′) + dX(h
ma, b)− dX(b, b
′′) ≥ 8δ.
This contradiction establishes Claim 1.
PSfrag replacements
a
hma
Ah
hmAh
x
hmx
b
Figure 3. The separating point of Claim 1; the quadrilateral of Claim 2.
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Claim 2: dX(b, [x, h
mx]) ≤ 2δ.
Proof of Claim 2: The points a, x, hmx, and hma are the vertices of a geodesic quadrilateral
in X , one of whose sides contains b. Thus there is a point c on some other side of this
quadrilateral so that dX(b, c) ≤ 2δ. Suppose for contradiction that c ∈ [a, x]. Then
dX(x, c) + 3δ < dX(x, c) + dX(b, a)− dX(c, b)
≤ dX(x, c) + dX(c, a) = dX(x, a)
= dX(x,Ah)
≤ dX(x, c) + dX(c, b) + dX(b, Ah)
≤ dX(x, c) + 2δ + δ.
A similar contradiction follows if c ∈ [hma, hmx]. Thus c ∈ [x, hmx], establishing Claim 2.
Using the point c ∈ [x, hmx] from the proof of Claim 2, so that dX(b, c) ≤ 2δ, and choosing
b′ on Ah with dX(b, b
′) ≤ δ as in Claim 1, we have
dX(x, a) = dX(x,Ah) ≤ dX(x, c) + dX(c, b) + dX(b, b
′) ≤ dX(x, c) + 2δ + δ,
from which it follows that
dX(x,Ah)− 3δ ≤ dX(x, c) ≤ dX(x, h
mx) ≤ Km.
In particular, if dX(x, hx) ≤ K, then dX(x,Ah) ≤ Km+ 3δ.
Now for y we have that dX(y, hy) ≤ K implies dX(h
ky, hk+1y) ≤ K for all k ∈ Z. Applying
the argument above, replacing [x, hmx] with [hky, hk+my], we find that dX(h
ky, Ah) ≤ Km+
3δ for all k ∈ Z. For each k we let ak denote a point on Ah nearest to h
ky, and note then
that
dX(ak, ak+1) ≤ dX(ak, h
ky) + dX(h
ky, hk+1y) + dX(h
k+1y, ak+1)
≤ (2m+ 1)K + 6δ.
It follows that mink dX(a, ak) ≤ K
(
m + 1
2
)
+ 3δ. Thus for the value of k realizing this
minimum, we have as claimed that
dX(x, h
ky) ≤ dX(x, a) + dX(a, ak) + dX(ak, h
ky)
≤ (Km+ 3δ) +
(
K
(
m+ 1
2
)
+ 3δ
)
+ (Km+ 3δ)
≤ K(3m+ 1/2) + 9δ = K(3⌈10δ/ǫ⌉+ 7/2) + 9δ.
5. Proof of Theorem 1
We now show how the main theorem follows from the proposition. Recall that a standard
generating set for π1(S) is an ordered set of 2g elements {α1, . . . , α2g} generating π1(S) and
satisfying the relation
[α1, α2][α3, α4] · · · [α2g−1, α2g] = 1.
Lemma 4. There is a 1–minimal carrier graph (Γ, γ) for the action of π1(S) on X satisfying
the following properties:
(i) Γ is a spine on S; i.e., the complement S \ Γ is a single open disk;
(ii) ℓγ(e) > 0 for all edges e ∈ Γ;
(iii) all vertices of Γ are at least trivalent;
(iv) γ sends each edge of Γ˜ to a geodesic arc in X.
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Proof. Suppose (Γ′, γ′) is an arbitrary 1–minimal carrier graph for the action of π1(S) on X .
We assume that (Γ′, γ′) fails each of the conditions above in turn, and show how to produce
a carrier graph (Γ, γ) that satisfies the appropriate condition while remaining 1–minimal.
(i) Because π1(Γ) → π1(S) is surjective, the components of S \ Γ are topological disks. If
this complement has more than one component, then there is at least one edge e ∈ Γ that
separates two such components. If Γ′ is the graph obtained by deleting this edge and γ′ is the
restriction of γ to Γ′, then (Γ′, γ′) is a carrier graph for the action of π1(S) on X . Moreover
ℓγ′(Γ
′) ≤ ℓγ(Γ), so that (Γ
′, γ′) is still 1–minimal.
(ii) Suppose (Γ, γ) is a 1–minimal carrier graph with the property that ℓγ(e) = 0 for
some edge e ⊂ Γ. If e is a loop, then the injectivity radius assumption implies that it must
be covered by loops in Γ˜, and hence can be dealt with by the argument of part (i). We
therefore assume that e is not a loop, so there is a map q : S→S which is the composition
of the quotient map S → S/{e} and a homeomorphism S/{e} → S. Let q˜ : S˜→ S˜ be a map
between universal covers that covers q. Then there is a carrier graph (Γ′, γ′) where Γ′ = q(Γ)
and γ′(q˜(x)) = γ(x) for all x ∈ S˜. Moreover it is clear that ℓγ′(Γ
′) ≤ ℓγ(Γ), so that (Γ
′, γ′) is
also 1–minimal.
(iii) Any bivalent vertices of Γ can be deleted and their adjacent edges merged. If Γ has
any univalent vertices, the single edges incident to each can be deleted. The resulting carrier
graph (Γ′, γ′), where γ′ is the restriction of γ to Γ˜′ is clearly 1–minimal if (Γ, γ) is.
(iv) In this case we take Γ′ = Γ, and homotope γ so as to map each edge of Γ˜′ to a geodesic
arc in X to produce a carrier graph (Γ, γ) preserving 1–minimality. 
Suppose (Γ, γ) is a 1–minimal carrier graph satisfying properties (i)-(iv) above. The propo-
sition implies that each edge e of Γ satisfies
ℓγ(e) ≤
(
2(2n− 2)δ + 2
)(
3⌈10δ/ǫ⌉+ 9/2
)
+ 9δ + 1
where n is the number of edges of Γ. Using properties (i) and (iii), a simple Euler characteris-
tic argument shows that the number of edges of Γ is bounded above by 6g−3. Thus Γ is one
of only finitely many graph types, each of which has only finitely many distinct (up to the
action of the mapping class group) embeddings into S inducing surjections π1(Γ)→ π1(S). In
any such graph embedded in S we may find a standard generating set of loops {a1, . . . , a2g}
based at some vertex v. By the finiteness properties mentioned above, we may bound the
combinatorial length of all such loops by some constant Ng depending only on g.
Set D = Ng
((
2(12g − 8)δ + 2
)(
3⌈10δ/ǫ⌉+ 9/2
)
+ 9δ + 1
)
. Letting αj denote the element
of π1(S, v) represented by the loop aj, and choosing x ∈ γ(v˜), we have
dX(x, αj(x)) ≤ ℓγ(aj)
≤ Ng
((
2(12g − 8)δ + 2
)(
3⌈10δ/ǫ⌉ + 9/2
)
+ 9δ + 1
)
= D.
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